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THE MORTGAGE ACCOUNT AS A LTI DISCRETE-TIME 
SYSTEM 

 
 
Suppose somebody takes out a mortgage M to be paid back in N months, the agreed term of 
mortgage. The monthly interest rate is denoted by i. In order to pay the dept a monthly repayment 
amount R has to be calculated such that at the end of the agreed term the dept will be finished off by 
the borrower. The first repayment will be made at the end of the first month and the last one at the 
end of month N. 
 
Derivation and solution of the difference equation governing the system dynamics  
 
The mortgage debt outstanding (unpaid balance of the loan) at the end of month n will be denoted by 
y(n). Then y(0) will represent the mortgage debt at the time of opening of the mortgage account, i.e., 
y(0)=M. Starting with y(0) we can compute the following for the outstanding mortgage debt: 
 
Start of the mortgage term:        y(0)=M 
 

( )

stThe end of 1 month:                  (1) (0) (0) (1 ) (0)
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The above mathematical development of the equations from 1st to nth month reveals the following: 
 
(1) the Difference Equation (or the Mathematical Model) of the system: 
 

( ) (1 ) ( 1)    for  n 1y n i y n R= + - - ³  

with the initial condition (0)  and ( ) 0 for 0y M y n n= = < and, 
 
(2) the solution of this difference equation: 
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which can be written as: 
                                                                    

 ( ) ( )
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Calculation of the monthly repayments 
 
Since N is the number of months showing the total mortgage period then y(N) must be zero: 
 

( ) ( )1 1
( ) 1 0

N
N i

y N M i R
i

+ -
= + - =  

which yields the repayment amount to finish off the debt in N months as: 
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Substituting this into y(n), we obtain 
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More on the difference equation 
 
The above Difference Equation (or the Mathematical Model) of the system can be written in a  
compact form as: 
 

0                           for 0

( )                             for 0

(1 ) ( 1)     for 1
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The block diagram of the corresponding system for 1 n N£ £  is given in Fig.1 with the initial 
condition y(0)=M and y(n<0)=0:  
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Fig.1 
 

where the following block diagram building blocks are used: 
 
 
 
 
 
                                  
 
                                                         Pick-off point  
 
 
 
 
 
 
 
 

Summing point (or adder) 
 

 
                                                       Gain or attenuator  
 
 
 
   
              
                                                       Unit delay (or memory) 
 

Fig.2 
 

1+i 

 
y(n) 

 

T 

 

- 

y(0)=M 
and 
y(n<0)=0 for  1 n N£ £  

ax(n)  x(n) 

x(n) 

v(n) 

( ) ( ) ( )y n x n v n= ±  

±  

T x(n) x(n-1) 

x(n) x(n) 

x(n) 

a  

R 
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Using the unit-step sequence defined as 

1 for 1
( )

0 for 1

n
u n

n

³�
= �

<�
 

 
the monthly repayments can be represented (modeled) with the input function: 
 

( ) ( 1)r n Ru n= - -   
 
and the block diagram takes the form in Fig.3.  
 
 
 
 
 
 
 

 
Fig.3 

Using the unit sample  

1 for 0
( )  

0 for 0

n
n

n
d

=�
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¹�
 

 
the initial condition can be combined into the difference equation as the input ( )M nd . The 
mathematical model can now be given in a more compact form by the difference equation as follows: 
 

0                                                           for 0 
( )

(1 ) ( 1) ( ) ( 1)       for 0  

n
y n

i y n M n Ru n n Nd
<�

= �
+ - + - - £ £�

 

 
For n=0 it can easily be verified that the above equation yields  
 

(0) .y M=  
 
The block diagram of such a system is given in Fig.4. 
 

1+i 

 
y(n) 

 

T 

 

 y(0)=M 
and 
y(n<0)=0 

 

( 1)Ru n-  - 

1 n N£ £  
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                                                                                   Fig.4 
 
In the above we have shown that a mortgage account is a linear discrete-time system which is time-
invariant for a fixed interest rate (fixed rate mortgage). In fact a mortgage account is no different than 
an investment or savings bank account in that it applies an interest onto any money paid in. The only 
difference is that, in an investment bank account there is only one type of input which is the money 
paid in. Whereas in a mortgage account there are two kinds of inputs: 1. the total loan rendered by the 
lender (mortgagee) and, 2. the monthly mortgage payments paid back by the borrower (mortgagor). 
As can be seen from Fig.4 these two inputs are applied to the system with different signs as they 
function against each other.  
 
Now let us consider the case where R=0, 0M ¹ ; i.e., the initial borrowing is M but no repayments 
are made. In this case the growth of debt is given by: 

0                      for 0
( )

(1 ) ( )  for 0zir n

n
y n

M i u n n

<�
= �

+ ³�  

where the abbreviation ‘zir’ stands for zero-input response, meaning that ( )ziry n is the response of the 

system when no input is applied to it, that is, all the inputs to the system are zero and  ( )ziry n is 

caused by the initial value (initial condition) y(0)=M only. In other words, ( )ziry n  represents the 
mortgage debt at the end of month n if no repayments are made. If M is considered to be the initial 
money paid in instead of being the initial borrowing then the mortgage account is exactly the same as 
an investment bank account.  
 

( ) ( ) ziry n y n= is plotted in Fig.5 for M=100,000, i=1.32% and N=240 months (20 years). Since i>0 

( )ziry ¥ = ¥ , hence the system is unstable. It can easily be checked from Fig.5 that when no 
repayments are made then at the end of the mortgage period the total amount of mortgage debt will be 

(240) 2 498 600ziry = . 

1+i 

 
y(n) 

T 

        Md(n) 

( 1)  Ru n-  
      - 

( 0) 0y n< =  0 n N£ £  
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Fig.5 

If M=0, 0R ¹ ; i.e., no money is borrowed but regular monthly payments are made, again the 
mortgage account functions in exactly the same way as an investment bank account. In this case the 
growth of money in the account, where the agreed term of mortgage is N, is given by  
 

 

( )
( )

( )1 1 1 1
( ) ( -1) ( -1)      for  

1 1

n n

zicr

i i
y n R u n R u n n N

i i

- + + -
= = £

- +  

 
where the abbreviation ‘zicr’ stands for zero-initial-condition response, meaning that ( )zicry n  is the 

response of the system when initial value (initial condition) is zero,i.e., y(0)=0, and ( )zicry n is caused 
by the input only. The growth of money in this case is shown in Fig.6.  
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Fig.6 

If both the initial borrowing is made and the monthly repayments of R take place then we have 

( )1 1
( ) (1 ) ( ) + ( -1)

n

n i
y n M i u n R u n

i

+ -
= +

 

 
 
If both the initial borrowing is made and the monthly repayments of 

( )
( )

1

1 1

N

N

i i
R M

i

+
=
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take place then the mortgage debt is given by  
 

( ) ( ) ( ) ( )
( )
1 1
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n
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N
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 which is plotted in Fig.7: 
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Fig.7 

 
 
, 

Since the monthly repayments are all the same the total amount of money paid back at month n is 
given by               
 
                                                                              ( )P n nR=  
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Fig.8 

which is plotted in Fig.8, where 1407.1 and 240 1407.1 337704R NR= = ´ = . 
In order to enable the reader to make a comparison Fig.9 shows all the above graphs in one diagram. 
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Fig.9 
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Solution of the difference equation using the z-transform 
 
Letting 1 i a+ =  the difference equation above takes the form 

0                                                         for 0 
( )

( 1) ( ) ( 1)           for  

n
y n

a y n M n Ru n n Nd
<�

= �
- + - - £�

 

 
whose z-transform yields 
 

1
1

1( ) ( )
1

z
Y z az Y z M R

z

-
-

-= + -
-  

and we obtain 
1

1 1 1( )
1 (1 )(1 )

M z R
Y z

az az z

-

- - -= -
- - -  

 
Partial fraction expansion gives 
 

1 1

1 1 1 1 1 1(1 )(1 ) 1 1 (1 )(1 )
R A B A Az B aBz

az z az z az z

- -

- - - - - -

- + -
= + =

- - - - - -  

 
which yields 
 

1
,

1 1
a

A R B R
a a

= = -
- -  

Using these in Y(z) we obtain 
 

1 1

1 1 1

1
1 1( )

1 1 1

a
Rz RzM a aY z

az az z

- -

- - -
- -= - +

- - -  

 
Two different groupings can be made for the three terms in Y(z): 
 

(1) according to the cause,i.e., whether it is caused by the initial condition M or by the input 
R. It is obvious that first term is caused by the initial condition M and the second and third 
terms by the input R.  

 
(2) according to the form of the inverse transform which is determined by the denominator. It 

is obvious that the type of the first two terms are the same as their denominators are the 
same. The type of these terms are determined by the system alone as the root of the 
denominator is determined entirely by the system dynamics, whereas the type of the third 
term is determined only by the input as the root of its denominator is determined by the 
mathematical function representing the input.  
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According to the first type grouping we obtain: 

1 1

1 1 1( ) '
1 1 1

M az z
Y z R

az az z

- -

- - -

	 

= - -� �- - -
 �

 

where  

'
1

R
R

a
=

-  

Taking the inverse transform we obtain 
 

( )( 1)( ) ( ) ' ( 1) ' ( 1)n ny n Ma u n aR a u n R u n-= - - - -  

 
 

- -

( ) ( ) + (1 ) ' ( 1)

Zero Input Response Zero State Response

n ny n Ma u n a R u n= - -
����� ��������� ����������������

 
 
 
 
Second type of grouping yields 
 
 

1 1

1 1
1 1( )

1 1

aR R
M z z

a aY z
az z

- -

- -

-
- -= +

- -  

 
Taking the inverse transform we obtain 
 
 

  

( ) ( ) ' ( 1) ' ( 1)

Natural Response Forced Response

n ny n Ma u n R a u n R u n= - - + -
����������� �����

 
 

 
 
 
 
 
 
 


