THE MORTGAGE ACCOUNT AS A LTI DISCRETE-TIME
SYSTEM

Suppose somebody takes out a mortgilgéo be paid back iN months, the agreed term of
mortgage. The monthly interest rate is denoted by ortier to pay the dept a monthly repayment
amountR has to be calculated such that at the end of thech¢gem the dept will be finished off by
the borrower. The first repayment will be made atehd of the first month and the last one at the
end of month\.

Derivation and solution of the difference eguation governing the system dynamics

The mortgagelebt outstandingufipaid balance of the lopat the end of month will be denoted by
y(n). Theny(0) will represent the mortgage debt at the time of openirtgeoortgage account, i.e.,
y(0)=M. Starting withy(0) we can compute the following for the outstanding mortghede:

Start of the mortgage term: y(0)=M

The end of 1 month: y fdy ®y OR= +@1y) {0
=M (#+i)- R
The end of 2 month: y @y @y R +@y)-@ M+ ¥ R(* } F

M+ f-R@i) R

The end of § month: y @ @y @R{ M(+)- R(+ % B(+ } F
=M (1+i)*-R(2+i)*- R(% i} R

The end oh™ month: ynE)yn{ Hiyn( -1)R + (1 yn(- BR

=M (1+i)"-R(+ i)™ R(% i)™~ .. R
The above mathematical development of the equations 1* to " month reveals the following:
(1) theDifference Equation(or theMathematical Mode) of the system:
y(n=1A+1)y(n-1- R for & ]
with the initial conditionY(0) = M andy (1 )= 0 forn< (anq,

(2) the solution of this difference equation:

1

y(m=M(1+i)" - R+ )" - R&* )"~ . ... R



which can be written as:

0 fom< O

M (l+i)n ) R%: M (1+ i)n_ Rw

n) = "
y(n for @ £ N

Calculation of the monthly repayments

SinceN is the number of months showing the total mortgag@od thery(N) must be zero:

1+i)" -1
y(N)=M(1+i)" - R&z 0
[

which yields the repayment amount to finish off tedot inN months as:

. 1+. N

r=1*1)

(1+i) -1

Substituting this intgy(n), we obtain
0 forn< O

y(n)— M(1+i)n-M(l+i)N((j_-+)):-:_’ll-_ forEnE N

More on the difference equation

The aboveDifference Equation (or the Mathematical Mode) of the system can be written in a
compact form as:

0 fan< O
y(n= M fon= 0
@Q+i)y(n-1» R forAa 1

The block diagram of the corresponding system f8m£ N is given in Fig.1 with the initial
conditiony(0)=M andy(n<0)=0:



y(0)=M >
and y(n)
y(n<0=0 for 1En£ N

Fig.1

where the following block diagram building blocks aised:

x(n) > l » X(Nn)
x(n)

Pick-off point
x(n) y(m=xnNx\yn

vin)
Summing point (or adder)

X(nNy——f a ax(n)

Gain or attenuator

x(nN)— T [—x(n-1)

Unit delay (or memory)

Fig.2



Using the unit-step sequence defined as

the monthly repayments can be represented (modelddjhe input function:

rn)=-Ru(n 1)

and the block diagram takes the form in Fig.3.

Ru(n- 1)

y(0)=M
and
y(n<0=0

A

1+ |— T

Fig.3
Using the unit sample
1forn=0
d(n) =
Ofornt O

> y(n)
1£nEN

the initial condition can be combined into the elffnce equation as the inpid(n). The
mathematical model can now be given in a more cotrfpam by the difference equation as follows:

forn< O
@A+i)y(n- 1+ Md(n) Ru(n 1) forD fi N

y(n) =

Forn=0 it can easily be verified that the above equayietds
y(0) =M.

The block diagram of such a system is given in4=ig.



) > y(n)

y(n<0)=0 OEnEN

A

T

Fig.4

In the above we have shown that a mortgage acesantinear discrete-time system which is time-
invariant for a fixed interest rate (fixed rate mgage). In fact a mortgage account is no diffetean

an investment or savings bank account in thatptiep an interest onto any money paid in. The only
difference is that, in an investment bank accobete is only one type of input which is the money
paid in. Whereas in a mortgage account there avekimds of inputs: 1. the total loan rendered ke th
lender (mortgagee) and, 2. the monthly mortgageneays paid back by the borrowemnortgagor)

As can be seen from Fig.4 these two inputs areieppd the system with different signs as they
function against each other.

Now let us consider the case wh&=0, M 1 0; i.e., the initial borrowing i#M but no repayments
are made. In this case the growth of debt is giwen

0 fon <
M(@+i)'u(n) forn3 0

where the abbreviation ‘zir’ stands for zero-inpegponse, meaning thgt, (n)is the response of the

system when no input is applied to it, that is,th# inputs to the system are zero ary, (n)is

caused by the initial value (initial conditiogf0)=M only. In other words,y,, (n) represents the

mortgage debt at the end of momthf no repayments are made. If M is consideredddhe initial
money paid in instead of being the initial borrogvilien the mortgage account is exactly the same as
an investment bank account.

Y, (N) =

y(n) =y, (n is plotted in Fig.5 foM=100,000,=1.32% andN=240 months (20 years). Sinced
Y, (¥)=¥, hence the system is unstable. It can easily lsekell from Fig.5 that when no

repayments are made then at the end of the morfgaged the total amount of mortgage debt will be
Yy, (240)= 2 498 60L.



X 106 Growth of mortgage debt when no repayments are made:yzir(n)
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Fig.5
If M=0, R* 0O; i.e., no money is borrowed but regular monthlyrpants are made, again the
mortgage account functions in exactly the same aggn investment bank account. In this case the
growth of money in the account, where the agreed té mortgage i\, is given by

1- (i)' #i)- 1
yzicr(n): RM L( n'l) = M lq nl) for £ N
1- (i) |
where the abbreviation ‘zicr’ stands for zero-alittondition response, meaning thgt.. (n) is the

response of the system when initial value (initiahdition) is zero,i.ey(0)=0, and Y, (n) is caused
by the input only. The growth of money in this casshown in Fig.6.



X 106 Growth of money with no initial borrowing:yzicr(n)
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Fig.6
If both the initial borrowing is made and the mdptiepayments of R take place then we have

y(n) = M(1+i)"u(n) +P‘(1+ii)n = u n-1)

If both the initial borrowing is made and the mdpttepayments of
i(1+i)"

(1+i)" -1

take place then the mortgage debt is given by

y(n)=M(1+i)" u(n) - M(1+ i)N%u(n-l) for nE N

+i) -1

which is plotted in Fig.7:



Meftgage debt with initial borrowing and repayments:y(n)=yzir(n)+yzicr(n)
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Since the monthly repayments are all the samedta amount of money paid back at month n is
given by

Pn3nR



- x 10° Total amount of money paid back at month n: p(n)
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which is plotted in Fig.8, wher® =1407.1 andNR= 240 140%=1 3377.
In order to enable the reader to make a compaFRgpA shows all the above graphs in one diagram.

% 10° All graphs in one diagram
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Solution of the difference equation using the z-trangirm

Letting 1+i =a the difference equation above takes the form

() = 0 fon< O
V= avin- 1+ Ma(n- Ry 1) form N
whose z-transform yields
71
Y(2=az' X x+ M A
-Z
and we obtain
-1
Y(2= M-l_ -ZlR —1
l-az~ ( az))@d 7z)
Partial fraction expansion gives
R A B _ A AZ+ B aB?

+

1-az)(® zY) 1 azt 1 22 A1 aB)d ?2)

which yields
A=—2 R B=-_1 R
a-1 a1l
Using these irY(z) we obtain
a 1
M —Rz" — RZ
Y(Z): 1_61-1 1_|_61-:|. -
1- az t az 1 2

Two different groupings can be made for the theems$ inY(2):

(1) according to the cause,i.e., whether it is causeth® initial conditionM or by the input
R.It is obvious that first term is caused by theiatitonditionM and the second and third
terms by the inpuR.

(2) according to the form of the inverse transform whg determined by the denominator. It
is obvious that the type of the first two terms #re same as their denominators are the
same. The type of these terms are determined byysieem alone as the root of the
denominator is determined entirely by the systemadyics, whereas the type of the third
term is determined only by the input as the roott®©flenominator is determined by the
mathematical function representing the input.
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According to the first type grouping we obtain:
M az y4
Y(2= 1 -1 —1 R
1- az r az- 1 z

where

Taking the inverse transform we obtain

y(m=Madun-(arR &> ¢nl RE )

Zero- Input Response Zero State Response

y(m= Ma'un +@1- d)R{nl

Second type of grouping yields

M - — 7
Y( Z) — a- 11 + & 1_ -
1- az I z
Taking the inverse transform we obtain
Natural ReSponse Forced Respons

y(nn=Maun- Rdgnl+ R@UnNI
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